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Two vertices x, y  of a graph G are called partners if there exist vertices u, v, w dis- 
tinct from x, y  such that {x, u, II, w} and { y, u, v, w > each induce a chordless path 
in G. The partner graph of G is the graph whose vertices are the vertices of G and 
whose edges are partners in G. The partner graph of G is completely determined by 
the P,-structure of G. We show that the Strong Perfect Graph Conjecture holds for 
graphs with triangle-free partner graphs. 0 1990 Academic Press, Inc. 
Claude Berge defined a graph G to be perfect if, for each induced sub- 
graph F of G, the chromatic number of F equals the size of a largest clique 
of 8’ [ 11. See [2] for more on perfect graphs. Let Ck denote a chordless 
cycle with k vertices. We call a graph G Berge if neither G nor its comple- 
ment G contains Ck, for any k odd and at least 5. The Strong Perfixt 
Graph Conjecture, posed by Berge in 1960 and still open, can be phrased 
as follows: a graph is perfect if and only if it is Berge. 
The Strong Perfect Graph Conjecture motivated Chvatal to conjecture 
[3] and Reed to prove [4] that perfection of a graph G depends only on 
a certain hypergraph H derived from G, called the P,-structure of G. 
Vertices of H are vertices of G; edges of H are the sets of four vertices that 
induce a P, (the chordless path with four vertices and three edges) in G. 
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Two vertices x and y of a graph G are called partners if there are vertices 
u, U, w  in G- (x, v> such that (x, U, u, w> and (y, u, ti, w) each induce a 
P4 in G. The partner graph P(G) of a graph G is the graph whose vertices 
are the vertices of G, and whose edges are the pairs of vertices that are 
partners in G. Since the partner graph of G is completely determined by the 
P,-structure of G, knowledge of a graph’s partner graph gives some 
knowledge of its P,-structure. 
The notion of partners was introduced by Chvatal [S], who established 
the following decomposition scheme: a graph G is perfect if and only if each 
of the subgraphs of G induced by the components of the partner graph 
P(G) are perfect. He also posed the following conjecture [6]: if G is a 
Berge graph whose partner graph is bipartite, then G is perfect. The main 
result of this paper is to show that an even stronger statement is true. A 
graph is triangle-free if it does not contain a triangle (i.e., three vertices, 
such that each pair of the three is adjacent). 
THEOREM. Let G be a Berge graph such that P(G) is triangle-free. Then 
G is perfect. 
Before proving the theorem, we present an observation and a lemma. 
Note that 
if n = 5, 
if n is odd, n 2 7, 
if n=2mod4,n>6, 
if n=Omod4,na8. 
(*) 
LEMMA. Let G be a Berge graph, such that P(G) is triangle-free, and 
such that G contains a chordless cycle C,, n 3 8. Then any vertex v not on 
C, is adjacent to either all or none of the vertices of C,. 
Proof of Lemma. Since P(G) is triangle-free, then for every induced 
subgraph H of G, P(H) is also triangle-free. In particular, this implies that 
G does not contain any of the graphs P1, F2, FJ, F4, FS shown in Fig. 1. 
Since for any graph F, P(P) = P(F), it follows that G does not contain the 
complement of any of these five graphs as an induced subgraph. 
(Note: The 10 graphs shown in the figure satisfy the following two 
properties: 
(i) for each graph F, P(F) contains a triangle, 
(ii) no proper induced subgraph of F satisfies (i). 
These 10 graphs are not all the graphs that satisfy these two properties; 
they merely comprise a sufficient collection of such graphs for the purpose 
of proving the lemma.) 
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FIGURE 1 
We may assume that C, = cocl - - - c,- 1 is a chordless cycle in G, with 
n 2 8, and that u sees at least one vertex of C,. All indices referred to 
throughout the rest of the proof are assumed to be reduced mod n. We now 
make the following observations. 
(1) u sees at least one of each pair of consecutive vertices of the 
cycle C,. 
Assume not. Since u sees at least one C,, there is some index j such that 
u sees Cj and misses Cj+l and Cj+2. NOW if u sees Cj+j, then {v, Cj, cj+l, 
cj+29 cj+3} * d m uces a chordless cycle, contradicting the assumption that G 
is Berge; if u misses Cj + 3, then {v, Cj _ 1, c,, cj + 1, Cj + 2, Cj+ 3 } induces either 
F2 or F,, contradicting (*). 
(2) If v sees some vertex Cj of C,, then u sees at least one of cj- 1, 
cj+ 1. 
Assume not. Then by (1 ), u sees both Cj- 2 and cj+ 2. But now {u, cj- 2, 
C J- 1, cj9 c. I+ i, cj+2} induces F5. 
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(3) If v misses some vertex cj of C,, then u and cj+ i are partners; by 
symmetry, so are v and cj- 1. 
By (l), v sees cj- I and c,+ 1. Now by (2), u sees c,+~. Thus both (c,, 
Cj- 1, U, cj+2} and (cj- 1, c,, c,+ 1, ci+2 } induce a P, in G, and so u and 
Cj+ i are partners. 
We conclude the proof of the lemma by showing that u must see all 
vertices of C,. Assume the contrary: there is some vertex cj of C, that 
misses ZJ. By relabelling vertices if necessary, we may assume that j = 0. By 
(1) and (2), u sees c-~, c-~, cl, and c2. There are three cases to consider; 
we show that each of them leads to a contradiction. 
Case 1. v misses c-3 and c3. By (3), both c -2 and c2 are partners of 
o. But since cP2, cmI, co, cl, c2 is a chordless path, cP2 and c2 are partners 
of each other, and so (u, c _ 2, c2 > induces a triangle in P(G), contradiction. 
Case 2. v sees exactly one of ce3, c3. Without loss of generality, 
assume that u sees c3. Then {u, cM3, cP2, cl, c2, cj} induces F,, contra- 
diction. 
Case 3. u sees c-3 and c3. If u sees c4, then {u, c-1, ~0, ~2, ~3, ~4) 
induces F, , contradiction. If u misses c4, then c _ i and c3 are partners both 
of u and of each other, contradiction. 
Thus u sees all vertices of C,, which completes the proof. 
A graph G is minimally imperfect if G is imperfect but every proper 
induced subgraph of G is perfect. A proper subset X of the vertex set of G 
is a homogeneous set if X contains at least two vertices of G and if each 
vertex u not in X sees either all or none of the vertices of X. Lovasz has 
shown that a minimal imperfect graph cannot contain a homogeneous set 
cn 
We are now in a position to give the proof of the theorem. 
Proof of Theorem. Suppose that G satisfies the hypothesis of the 
theorem. If neither G nor its complement contain a chordless cycle with 
more than four vertices, then G is weakly triangulated; such graphs are 
perfect [S]. 
By taking complements if necessary, we may thus assume that G con- 
tains a chordless cycle C,, with n > 5. Since G is Berge, n must be even. By 
(*), n # 6; thus n 2 8. Now either G = C,, in which case G is clearly perfect 
or else the lemma implies that C, is a homogeneous set of G, and so, as 
mentioned above, G is not minimal imperfect. Since every induced sub- 
graph of G has a triangle-free partner graph, the fact that G is not minimal 
imperfect implies that G is perfect. This finishes the proof of the theorem. 
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We conclude by observing that the class of graphs described in the 
theorem above are contained in another well-known class of perfect graphs, 
the quasi-parity graphs. Meyniel defined a graph to be quasi-parity if every 
induced subgraph either is a clique, or else contains an euen pair, that is, 
two non-adjacent vertices, such that every chordless path which joins these 
vertices has an even number of edges [9]. To see that the Berge graphs 
whose partner graphs are triangle-free are quasi-parity graphs, note that 
any such graph (i) is weakly triangulated, (ii) is a chordless even cycle, or 
(iii) contains a chordless even cycle as a homogeneous set. However, in 
case (i) the graph is quasi-parity [lo], and in cases (ii) and (iii) any pair 
of vertices cj, cj + 2 form an even pair. 
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